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RZPZATED  REFL-iCTION   0?   A   SH0:K  AGAI::ST   A   RIl^ID   wALL 
Harvey   Gohn 

Let   a   piston  ber:in  to  move   with  coiiGtavrt   velocity      w    (>  O), 
in    (cay)    the  -fx  direction,    into   a   cylinder   filled  with  ^,as   orit^i- 
nally   at   rest.   ',''e   assurae   that   the  piston  drives   a   shoe;:*  ( .x=  H^J  j 
throur.h  the    cylinder,    stii'rin^   tae   g^^'  particles    into   uiotion  v/ith 

■r 

speed  v/,  v/hich  implies,  of  course  that  i^^^'  .  This  shock  causes  a 
higher  than  atmospheric  pressure  to  react  on  the  piston,  V;e  shall 
call  this  shoolc  the  initial  incidovit  shock,  and  the  reaction  • 
a3ain5t  the  rjibton,  the  initial  incident  pressure ,  P_.,  . 

Let  us  suppose,  nou,  that  the  cylinder  is  cl.'^sea  hy   a  wall. 
Then,  after  the  iviitial  incideiyc  suoch  reachies  the  v.-all,  an 
initigl  reflected  shoch  is  assumed  to  originate  at  the  v;all  and 
travel  or-ckv/ards  in  order  to  nullify  the  forward  particle  motion 
produced  'cj   the  initial  incident  shock.  The  nev;  shock  v/ill  leave 
in  its  v/ake  a  colunn  of  gas  at  rest  but  at  a  still  higher  ores-, 
sure,  naiiiely  the  initial  reflected  pressure ,  p]_,  tiict   v;ill  react 
on  the  v/all. 

Soon  the  initial  reflected  shock  will  recede  far  enouah  to 
meet  the  piston.  At  this  instant,  the  oieton  will  be  uiovin^,  for- 
v/ard  (with  speed  w  )  Inoo  the  colu;in  of  ,  .:  ,  .  hich  is  a£;ain  at 
rest  although  at  the  hirji  initial  reflected  pressure.   This  situ- 
ation, like  the  original  one,  (^,ive3  rise  to  a  first  incident  sk;-Ock 
v/hich  is  follo\;:d  in  turn  by  a  first  reflected  shock,  the  pressure 
on  the  piston  or  on  the  wall  increaeinC;  at  each  sta^e.   Thus  the 

RESTRICTED 


*  It  riia,y  be  seen,  front  (I),belov;,  that  each  of  the  shocks  has 
a  constant  speed,  so  that  f  is  a  (different)  constant  for  each. 


X  t     plone  will  Ido  divided   inc,o   trian^-ular  rogionc,    each  with 
constant   pressure,    density,   t?nd  particle    speed    (    0     or     w): 
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SYl'IBOLS : 


(Ois)   inioial  incident  shock 
(Ors)   initial  reflected  shock 


(lis) 
(Irs) 


first  incident  shod: 
first  reflecced  shock 


I 

V^    v.-hich  are  followed  by   (2is)  ,   (2rs)  ,  --C. 


/ 


PRESSURES:  / 


V 


Pq   original  (atuiospheric)  pressure 

p^   initial  incident  ores sure 

pi    initial  reflected  pressure 

P]_^j   first  incident  pressure 

P2   first  reflected  pressure,   &o. 
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The  ooject  of  tViis  repor't  is  to  find  the  first .  second,  .  .  , 
reflected  pressur^js   P]_  .  Po  >  •••-  a^^c-anst  the  v;all,  for  vari- 
ous piston  speeds  v/  . 

Discontinuity  Conditions  ^'' 
The  state;  of   gas  in  a  cylinder  is  chs.ri-.ccerized  by  the 
vf;,riables  :       p  ^  pressure 

_f  '  density 
u  =  pL'..rticle  velociuy 
V;e  Ijt  ^   denote  the  adiabatic  constant ,  and  wc  introduce  the 
com-^t^iat  :  k  ■=.  \c':\    .    In  c.ir,  ^-^  1,-4   ?<=  .2. 
We  shci.ll  al^?o  u.:o  the  sound  velocity  ,   givon  by    Cl^  ~  \JX  ^70 

To  find  the  cucGo::.'3ivo  pr^csuros  v/o  ucc  the  Rankino-Hugoniot 
Di3conoinuity  Conditions,  v/hich  for  our  purposes  may  be  taken  in 
t  a^  f  o  1 1  o  v;  1  n-<   I  o r ;ri : 

'.,-  donotw  the  two  sidca  of  a  chock  by  A,  5,   and  v/c  consider 
all  qurntitioL  p^-rtaiain3  to  oid^,  B  to  bo  known.   (Either  the 
shock  chan5''.;:.  p'rticlw'  frovi  state   A  (<c^  ^  o  <^     )  to  ntate  5 
i  p^    Ck   ,   u^  )  ^^   vica  versa.)   If  \vc  l^t  ^~  ^U\    doocribe  the  mo- 
tion of  the  rhock,  v/c  may  oxprc.-s  side   A  convonicntly  in  tcrm.s 
of  j.ide   B  'o)j   findina,  Goinchov;,,a  paro-iactcr   R  called  the 
shock  index;      ^^  =  ^^'' '-^  e)/c  g,  .      In  fact  we  have: 

I    ,  Ua  -  U  £•    /     /  p  _)  „  N 
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*  The  Conditions  used  here  will  be  further  discussed  in  the 
forthcorains  Manual  prepared  by  the  Appl.  Fiath.  Group  at  N.Y.U. 


Thus  our  problem  hr.3  two  parts: 

1.  To  find  bh^  ahock  indiccG  for  the  transition  from  or.ch 
of  the  trir.n;^;lcp.  of  Fi.3»  1  to  its  noi^hbors 

2.  To  find  the.  succosnivo  pressures  froiri  the  shod:  indices 
by  i:ie-;ns  of  the  first  formulr.  in   (!)# 


I  he  A  -  Scou. 


nccs 


'.;e   p.pply      (I),  across   the    initir-1   incident   shoe!:      (Ois)    , 
idenLif;ia,j      (A)    in    (I)      v;ith      (O'*'-)    in  ?iQ,,l      -.nd 
(B)         "  "  (0)  "      ". 

We    find   for  the    lr.:t   tworr.tios   in      (I): 
i"     (-  , ^ 

If  we    introducv.-   the   di-ienslonleec   varialjle    X  '. 
we    find   that      (Ila )      beco.'nos: 

(U)    J  '*'■  ^_    

Now      (II)      re  or.,  cents   a   curve    in  Lhe    (A      A     )    plane   as     K 
vr:„rios    froiTi   1     t-o   ^'    ;    v:e    call  this    curveA  -y^()^  ),         .-♦ 
is   plotted   in   Chart    (I),  below,   '„-e   nstice    bhar,.  this   function  has 
an  asynptoi:.:.   at     A  o  "* '^^"^■^  0  *  ^0  .    F^i-  K*./,(^„~AS^  .      Thus   as 

7ro:.   onsidereti on::,    .^f   syrair.otry ,    wc    c   nclude   that    (II) 
holds   acro':n   any   shoe]',    ?r 


(    V..o«=-- A(X„)     ■ -^ 


<  RaSTRIOTED 


•'.'-■' 


2^ 


Ac 
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C_H/^_PvT_J    ;       THE     FUNCTION         \    '■■  \(\     ) 


K^^ 


^  -  /.'I, 


Ao^ 


(    3VE      (II) 


> 


"^      ^^A' 


Honcc,    ac;c?rdin:_.   to    (III)    p. 4,    f  ^r  any   sivon 
v/o   may    c.i1cu1;xvL.   a   do  ore  .is  1:13   Cwquciicc    :^f   value  1;    .-f    A      'oy   ucing 
Chart    I,    c~b?vo. 

Sxaarolo;      Let      v/   =   4.4   c-,    ,    ^v   t,:-i:e    :.   pi,::; ton  that 
13      4.4  time,-    3uper::-^nic. 


W  =  4..^0 


A,     =:r    1,72  X 


X      r  1.22    j      X,,.».c5 


A     =  .  66 


jLxsffiple;      Leb      w  >>    Cq    ,    or   let   the   piston  he   ex- 
treiT^ely    supersonic;    then  our   lirnlblna     A     sequence   Is 


S.,  = 


'iO 


S,>,  =  1.27  K,,%'         j        <(..,.-• '58 

5,  -     .^v         i„.   .74    I        5^;.  .63 


From  the  A  sequence,  \.'e  determine  each  ■'.'■alue  of   c  ,   This 
sequence,  ho\.'evor,  is.  even  more  useful,  for  from  it  we  shsill 
find  t,he  shock-indices  and  pressure  rcitioe. 

Consider,  for  examplG,  the  par-ticlos  wloh  th.j  initial  inci- 

Those  parciclos  have  spe^^d  v/   and  they 

occupy  a  triangular  portion  of  the   x-t  plane   hounded  oy  two 

shochn,   fOis)   and   (Crs),     ^  11  .1. 
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dent  pressure   p 

-  o* 


¥o  shall  apply  the  Shock 
Conditions  by  identifying  the  known 
statG  B  with  tho  state  (O^*)  . 
Wo  then  ask  what  two  states  at  rest. 
(0)   and   (li,each  identifi^.d  with 
A,  determine   (Ois)   tho  forv;ard 
shock  proaucing  -  B-  and   (Ors)   the 
fcackwa,rd  shock  producc-d  by  B. 
(  See  FiQ. 1  bis.)   In  faQt,  tho  two 
states  A  correspond  to  the  two 
roots   (I\'b)   of  a  quadratic  equa- 
tion v/hich  results  if  v;e  sot  up  tho  Rankino  -  Hugoniot  Conditions 
(I)   to  apply  to  some  state   A  to  the  ri^ht  of  B  and  at  rest. 

Thus  for  some  shock  index  R   (  that  applies  to  tho  transit? 
tion  from  B  to  oithor  one  of  the  A), 


Rvj.i  bf'i 


{^) 


or   — 


w; 
C 


Th-..  tv;o  values  of  R  that  are  determined  from 

are  conjugate  surds   Rq  ,  R-^  v;hich  -vo  substitute  into: 

Then  the  rajbio   ?i/po  ^-^'-y  ^^'  dotcrmined  as   Pi/po*  •  Po/po** 
or,  in  other  words,  the  i-atio  V±/Vo   depends  only  on  Aq  • 
In  fo.ct,  from   (iV)  , 

From      ( Va ) , 


fc 


z 
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Finally,  with  tin  a-ov-ropriatc  choice  of  (i-)  3i;;,ns,  wo  havo , 
or,    more  :':cnorall,y , 


l,b 


^  ' 


i.C- 


1.5 


).0  ^ 


.b 


C±IARJ_1..- !oi_Gai 


■^  1.0 

(a(  X  )   is  defined  hy   (•/).  ) 


/.^:9 


...J...  .^. 


/.s 


2.0 


\ 
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Thu  function  log]_o  ^{   A  )   is  plotted  on  Chart  Ii;  above, 
for  values  of   from  0  to  (almost)   Oq  ,  (  the  only  vr-lues  of  A^, 
that  arc  ■Dosniblo  for  a  given   A   ).       Since 

wo  may  find  log  ^q  V^/Vq  '^^f   reading  JZJoa    G^X^)    off  Ocmrt   II. 

3y  this  method  the  reflected  pressures  p  have  been  plotted  an 

Chai't  III  ,  below,  for  the  range  of  w  up  to  9Co  ^-'^'^-  f°^  n=^l, 

2,  5,  4.  . 

initial 

The  values  po*  ,  of  the  .  '*^'"->  incident  pressure  ere 
plotted  on  Chart  III   for  values  of  \    --■■  v/t.^    ,    since  in 'practice 
the  initial  incident  shock  might  be  characterized  by  its  pressure 
rather  than  by  its  particle  speed  w  .   The  curve  of  p    as 
a  function  of  A  ^,     is  given   (parametrically )  by   the  first  and 
last  formulae  in   (I),  p. 3  » 


where  R  vai-ies  fi'om   1  to   infinity.    Now,  the  pressures   p^^^^ 
can  be  found,  if  necessary,  by  means  of 

'     tn-   I 


Intense      Shocks 


The   purpose   of   Ghai't    III   Is   primar'ily   to   give   the      orders 
of  magnitude   of   the   pressui'es      Pp ,    n  ~  1,2,5 1'^i-,    for       V/c^  <  9 
or   for  Po,v.  <  '  3^'  atm.      For   initial   incident    she  civ  s   of   greater 
strenRtli  v/e   use   the   previous   formulae   a.syraptotxcally .      For 
exaffi-ole   v/ith     w/c.-,    s./\.,    large,    from     equations    (II), 

and  C        2  ■      "^ 


C 


~? 


iE~l 


-n 

> 

„, 

O 

z. 

;■? 

Xi 

o 

-H 

'— V 

C- 

> 

-c.' 

T, 

r 

«^ 

•Tl 

r 

}l 

t  r. 

r^, 

2 

-J> 

2 

H 

/-■■ 

f    '^ 

i^ 

— 

-"■^ 

H 

O 

O 

O 

rri 

2 

•x> 

I  1 

7<^ 

z. 

C/> 

rr, 

H 

—1 

m 

CI 

■c 

m 

'~ 

-O' 

^   r\  i":' 


< 


-b 


> 
5. 


d 

2 


l!) 


But    fror;.      (VI),    the   quantity    in  brrceS'? _   V    is   recog- 
nized  as      Po^fr/  Po      ^°^      '^  0-^(-    ^^'^'6^f    oX'      v;  »  c      , 


-t  , 

and  for  r>   ^     large  ,   PT-;'8t)o*,  while  the  valuas  of  A  ar.e  tha  6 
sequencu  on  p. 5,  above.   W-a  find,  thus: 

P2/pi'-^'G(.99)=17  ,  P3/p2^  &((.74)  =8.1,  P4/P3  ^  G(  .63)  ^^6 
Or,  using,  these   factors  cumulatively,  v.'e  find,  roughly: 

Pi  -     SPoii 

Pp  =    135Poii  V      where  p   ,  the 
REFLECTED  / 

p  r=^   llOOp  ^  /   initial  incideat  pressure, 
PRESSURES      '^ 

p,.  .-   6500Pq^.  J  is   large 

Effect  of  an  Indefinite  Nunibor  of  Reflections 
Let  us  assume,  as  a  mathematical  problem  primarily,  that 
an  infinite  number  of  refloctioni  occur. 

We  then  consider  the   sequence  Aj^Ai,-'  .  It  decreases' 
steadily  to  r-ero  and  its  behavior  is  significant ; for  in.  formulae 
(IY,V):   Ri  '   T  i  ^   ^.llJl)    ^K        ^       terms  in  7\^  ^. 

J'>vVj:,  ^       i  -i  2     Xv,  -^     '  ' 

Now  It,    can  be  shown,  although  the  proof  is  omitted,  that 

as   n  "to comes  very  larp;e   or  as  /\»  "be.coiries  very  small, 

hence  /      Ay,  diverges  while    y^ A  y^      converge,e  .   This  leads 

to  the  f ollov.-in,;;-  interesting  conclusions: 
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(1)  As  the  number  of  shocks  incrG^seiS ,  the.  pressure  of  the 
gas  betv;een  the  piston  and  tlie  wall  increasiis  b.Qyoiid  all  limit 
while  the  volume  of  the  gas  shrinks  t>c   zero. 

(2)  V/e  may  conclude  from  the  discontinuity  conditions   (I) 
that  if  R  is  close  to  ±.1  ,(or  if  the  shock  is  weak),  the  entropy 
changes  are  .of  third  order  compared  with  the.  pressure  or  density 
changeG.  (  Entropy  :=  const."  log  vp~  •)   Hence  the  incre- 
ments of  entropy  due  to  ea'ch  shock  converge  or 


i-'Vl  "  ~'^    li'*'nif        OS  n—><>^ 


i     i^'.  r'y-i       ^ 


The  limiuins  value  of  the  entropy,  however,  must  steadily 
increase  beyond  limit  as   >v'c-,  =r  /\  ^,  Increases. 
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